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Lecture 12 
Bell and CHSH Inequalities - and their violation



Bell inequalities and their violation

The essence of this lecture: Bell inequalities are 
derived for classical (or classical probabilistic) 
models. The violation of these provides a "no-go 
result" that draws an important distinction between 
quantum mechanics and the world as described by 
classical mechanics, particularly concerning quantum 
entanglement where two or more particles in a 
quantum state continue to be mutually dependent. 

The conclusion one can draw: No physical theory of 
local hidden variables can ever reproduce all of the 
predictions of quantum mechanics. 



The Clauser-Horne-Shimony-Holt inequality.

The most popular type of Bell inequality is not John 
Bell’s original inequality but the Clauser-Horne-
Shimony-Holt  (CHSH) inequality.

John Clauser, Michael Horne, Abner Shimony, and 
Richard Holt derived this inequality in 1969, which, 
as with John Bell's original inequality (1964) is a 
constraint on the statistics of "coincidences" in a 
Bell test experiment which is necessarily true if 
there exist underlying classical description of the 
set-up or in more technical terms there is a local 
hidden variable description. This constraint can, on 
the other hand, be violated by quantum mechanics.



The CHSH Inequality - 
set-up and assumptions classically

There are two a and a′ detector settings on the side 
of Alice, and b and b′ settings on the side of Bob. 
The four combinations being tested in separate 
subexperiments.



The CHSH Inequality - 
set-up and assumptions classically

When measuring the value of a state with detector 
set-up a and a′ the measured values of Alice can 
only be A(a)= ±1 and A(a’)= ±1, and similarly for 
Bob B(b)= ±1 and B(b’)= ±1. In a classical set-up it 
follows for the considered one has either  

A(a)+A(a’)=±2 and A(a)-A(a’)=0, or   
A(a)+A(a’)= 0   and A(a)-A(a’)=±2. 

Therefore we have that 

C= (A(a)+A(a’))B(b) + (A(a)-A(a’))B(b’)= ±2



The CHSH Inequality - 
set-up and assumptions classically

What happens if we collect measurement data from  
a statistical mixture of classical deterministic states. 
Then the joint expectation value of A(a) B(b) type of 
measurements are of the form:



The CHSH Inequality - 
set-up and assumptions classically



Violation of the CHSH Inequality  
in Quantum Mechanics

Suppose we have prepared the state: 

We choose the detection observables a,a’, b, and b’ as



Violation of the CHSH Inequality  
in Quantum Mechanics

Simple calculations show that the average values  
for these observables are:



Violation of the CHSH Inequality  
in Quantum Mechanics

Simple calculations show that the average values  
for these observables are:

Thus

We violate the CHSH inequality!



Bell test experiments - and loop holes



Exercise

1. Create a two quit gate using the simple circuit  
below. Calculate by hand which state it is. Then  
test the CHSH inequality using the local X and Z  
observables for both of the qubits.  
  

The definition U3 


