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A few famous and useful model Hamiltonians

spin in a B-field
spin driven by square B-
spin resonance (=> sing

leld pulses (=> single-qubit gates)

e-qubit gates)

Hubbard model and exchange interaction (=> two-qubit sqgrt-of-swap)

Jaynes-Cummings Hami

tonian and its dispersive regime

driven Jaynes-Cummings Hamiltonian (=> single-qubit gates, readout)

two-qubit Jaynes-Cummi

ings Hamiltonian (=> two-qubit sgrt-of-iswap)

A few famous and useful concepts

1. rotating frame

2. rotating-wave approximation
3. perturbation theory
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Spin in a B-field

Hamiltonian: external B-field along z

1 \
H = —QMBB()O'Z

g-fac ’[OF/ Bohr magneton ~ 60 ueV /T

~2 for e iIn vacuum

Precession (Larmor) frequency @ 1 Tesla:

fr = g,LLBB()/h ~ 28 GHz~

Dynamics of
polarization vector:
Larmor precession

Homework: calculate the dynamics of the polarization vector from the TDSE.



Spin driven by square B-field pulses

, B, (t)
H(t) = S9upB() - o B(t)=| 0
B.(t)

B

time

Any rotation can be combined by an x-rotation and a z-rotation.
Any single-qubit gate can be realized by x- and z-directional B-field pulses.

Caveat: fast tuning of the magnetic field is difficult.

Homework: what is the duration of a NOT gate (‘'pi pulse’) it a B of 1 mT is used?



Spin resonance (rotating drive)

1 1
H(t) = 59#330% + §g,uBBaC (05 coswt + o, sinwt)

1 1
H(t) = zhwpo, + =hQ (0, coswt + o, sinwt)

2/ 2 T \\
drive frequency

Larmor frequency drive strength

0

initial state: ¢ (t =0) = |

resonance condition: w = wry,

p(t) =7



Spin resonance (rotating drive)

w(t) =7 exactly solvable problem

time evolution of the
polarization vector

ED‘LE

precession around z
(Larmor precession)

frequency wry,

north-south oscillation
(Rabi oscillation)
frequency (2




Spin resonance (rotating drive)
How to solve the time-dependent Schrodinger equation?
Using the “transformation to the rotating frame”.

That is a time-dependent unitary transformation applied on the TDSE:

w(t) + H(t)p(t) =0 Larmor precession
around X

H(t) =W H)WT(t) — EW(t)W‘L(t) — %hﬂ%

[/

This is the "Hamiltonian in the rotating frame”.
It is a time-independent Hamiltonian.
Hence the dynamics is exactly solvable.



We describe qubit dynamics in the rotating frame

1 -
H(t)zithO‘z > H:O
1 1 . ~ 1
H(t) = §thO'Z + 573{2 (05 coswt + o, sinwt) » [ — 59(;9[;
H(t) 1h +1h§2( (t 77) . (t—kﬂ))
— — .+ = z COS | | S111 —
5 Wr,o 9 o) W A O'y W 1
\ 3 1
2

a drive pulse rotates the polarization vector

rotation axis depends on the phase of the drive pulse
rotation angle depends on the product of the amplitude and duration
of the pulse

any rotation can be composed from x and y rotations

- any single-qubit gate can be performed with spin resonance



Power broadening

It driving is “off-resonant’ or “detuned’, then the spiral-like polarization
dynamics is only partial, it doesn’t reach the north pole.

‘detuning’: 0 = wy, — w

It the initial state is the ground state, then the excited-state probability is:

P.(t) = Prax(6) sin? (3v/Q2 4 82t) = it sin® (V2 + 6%t)

relative drive frequency, w/wry,



Spin resonance (linear drive)

1 1
H(t) = §g,uBBoaz + —gupBaco, coswt

2

weak driving:
(2 < Wy,

for weak driving, the qubit dynamics
IS approximately the same as with
rotating drive

most experiments use linear drive (simpler)



From exchange interaction to sqrt-of-swap gate
Loss & DiVincenzo, PRA 1998

* reminder: sqgrt-of-swap + single-qubit gates = universal gate set

(1 * setup: two electrons in a double well (dot)
0 1 { 1—2|—z 0 A
U SWAP — 0 1+z 1 L) V(X)

\o 0 0 1)

basis-state ordering |00), |01), |10), |11)

* simple description: -
two-site Hubbard model * high/low barrier => tunneling off/on
Huubbard = Hon-site + Htun + Hcoulomb
Honsite = €N + ERNR * ONn-site energies = zero
Hun = th (CLETCLRT T CLLCLm T h.c.) * tunable tunnel amplitude
Hecoulomb = U(npanry, +ngingy) e strong Coulomb repulsion

Ny = G’ETCLLT? etc. tp < U



The statement

t1
Az/ dt t5; ()

to

time I 75 = % then ¢(t1) = U gwap¥(t2)-

>

The proof

e 2 electrons in the Hubbard model => 6 states: (2,0), (1,1)x4, (0,2)

basis: |2,0), [},

HCoulomb —

U
0
0

o O O

\/

OO OO OO
OO OO OO
o OO O O

0

OO OO OO

0

T oo oo

T T8 11519510, 2)

0 0ty —tg 0 O
0O 00 0 0 O
g | te 00 0 0 tg
tun =+ 0 0 0 0 —tgyg
0O 00 0 0 O
/ \0 0 tg —tg O O)

Exercise: calculate these matrices.



The proof (contd.)

e unitary transformation to Singlet-Triplet (S-T) basis + reordering the basis

(100 0
00 0 0
00 = ——%=
W = V2 V2
00 11
NS
01 0 0
\00 0 0
HI/{ubbard:
f 2,0)
2ty V2t
" 5(1,1))

R o O O O O
oo O O - O

basis:
2,0)
0,2)
S(L 1) = 2 (11, 4) = [4. 1)
I- ) =14 1)
Ty) =1I11)
irrelevant
subspace
relevant
subspace
do perturbation theory:
(0) V|n(0)>\ 442
(2) _ |<k | 2) _ _*H
by = Z O _ E(O) = Lgaqy = [



The proof (contd.)

* solve the dynamics for this (approximate Hamiltonian):

2 1 4t2
3 V h ¢ U
H’ ~ 0 00 0 To 0
Hubbard ™~ 0 00 0 T
\ 0 00 ()) T_ * transform baok to[product basis:
+ (! I 0 0)
[’ ZHf{ubba rd ¢ [7 WTU/ T — = 4 lezgo L loip
(t)=e" = U(t) = (t) g_%ew i
\o 0 0 1/
* it gives sqgrt-of-swap if: 1 0 0 0
1—3 144
= 37# U — 0 2 2 0
VSWAP 0 1+7 1—1 0
2 2
0O 0 0 1

Q.E.D.

Exercise: do the calculations that were omitted here.



Jaynes-Cummings Hamiltonian

Setup: qubit interacting with a
harmonic oscillator N
K
o
oscillator frequency Y
(‘resonator frequency’) firansit

X 1\ #QO
H=to, a7a+£ +70z+ﬁg(aT0_+a+a)+HK+Hy.
!

qubit-oscillator coupling strength

oscillator = resonator = cavity = one mode of a microwave resonator

qubit = e-charge, e-spin, superconducting qubit

‘strong coupling’ regime: v,k <K g
many back-and-forth oscillations of an energy quantum between qubit
and oscillator are possible
Blais et al., Phys. Rev. A 69, 062320 (2004)



Typical parameter values in

“cavity/circuit quantum electrodynamics’

Parameter Symbol 3D optical 3D microwave 1D circuit
Resonance or transition frequency w. /2, /27 350 THz 51 GHz 10 GHz
Vacuum Rabi frequency g/, glw, 220 MHz, 3 X 107’ 47 kHz, 1 X 1077 @ 5%x1073
Transition dipole d/eay ~1 1% 10° X 104
Cavity lifetime 1/k,0 10 ns, 3 X107 I ms, 3X10° {160 ns y10*
Atom lifetime 1/y 61 ns 30 ms TS
Atom transit time Feransit =50 us 100 us 00

Critical atom number No=27yk/g> 6% 1073 3X 1070 <6 X107
Critical photon number my=7v>12g> 3x 107 3x 1078 <1Xx 1076
Number of vacuum Rabi flops NRabi=28/ (k+7y) ~10 ~5 ~10?

strong coupling achieved in circuit QED

we assume strong coupling from now on

Table |. from Blais et al., Phys. Rev. A 69, 062320 (2004)



"Dispersive qubit readout’ in circuit QED
1 h{)
H= ﬁwr<aTa - 5) + —0°

qubit-oscillator detuning: A — Q — ),

‘large detuning regime’ or “dispersive regime’: g/A << 1

B — do perturbation theory:
/---- - I1) p y 9
R} 0)r+__g_2{%|_ @) (O V[n(0)) o
=  EY=) = B\ =
1) ——- A n = 50 _ Elio) g1 A

In the dispersive regime, the resonator acquires
a qubit-state dependent shift of its eigenfrequency.



"Dispersive qubit readout’ in circuit QED

1\ A0 )
H=fo, a7a+£ +70z+ﬁg(cﬁ0 +o"a)+H, +H,.

amplitude of
oscillator

Transmission (arb. units)

drive frequency

) ) -
W -g2/A @+ g2/A (0 of oscillator

In the dispersive regime, the qubit can be read out by probing the oscillator.



An alternative way to derive the dispersive cavity shift’

* start from Jaynes-Cummings Hamiltonian:
: | h{) P
Hzﬁwraa+5 +70'Z+ﬁg(a0 +o0"a)+H, +H,.

* do a small’ unitary transformation:

U=exp 5(a0+ —a'o?)

A
* expand the result up to second order in g.
_ , - ﬁ_ -
UHU = # a)r+g—()‘Z a‘a+ — Q+g— o
I A 2| A |

qubit-state-dependent cavity eigenfrequency



A sqrt-of-iSWAP gate in circuit QED

e Setup: two qubits (i and j) interacting with the same oscillator

* Do the unitary transformation + expansion from the last slide

H,, = h| o.+ =— (07 + 09) CZTCZ+57L

qubit-qubit interaction:
from eg—"
‘virtual photon exchange’




A sqrt-of-iSWAP gate in circuit QED

2 1 2

Hy, =t wr+gK(az.+az-) aTa+5ﬁ Q+gK (05 + 0%)

.

7
A

(0707 + 07 07). (32)

In a frame rotating at the qubit’s frequency (), H,, gen-
erates the evolution

2

Uy(1) = 6Xp[— i‘%f(cﬂa + %)(05 + o§)]

A

COSA l SlIlA
2 2 ® ]ra (33)

[ SIn—1¢ CosS—t

S

Up to phase factors, this corresponds at t = 7A/4¢? to a ViSWAP operation.

Together with single-qubit gates, it forms a universal gate set.



Turning the sgrt-of-ISWAP gate On and Off

H,, =~ k| w + (5% + o) aTa+5ﬁ

hg_

((f;L(T]T + (Tl-_a;-“) ‘.

qubit—qu ir‘ih'lways On

gA (% + o)

! J

(32)

e the effect of the qubit-qubit interaction on dynamics is suppressed at

‘large qubit-qubit detuning’, that is, if:

Q]

* the sqrt-of-ISWAP gate can be turned Off by detuning the two qubits

from each other



B =

Summary of key results

spin resonance => single-qubit gates

Hubbard model and exchange interaction => two-qubit sqgrt-of-swap
gubit readout with a dispersively coupled oscillator

two-qubit sqgrt-of-iswap via virtual photon exchange



